The purpose of this paper is to study the existence and uniqueness of common fixed point results in partially ordered modular function spaces. MSC: 47H10; 54H25; 54C60; 46B40
Introduction
Study of modular spaces was initiated by Nakano [] in connection with the theory of order spaces which was further generalized by Musielak and Orlicz [] . The study of fixed points of mappings on complete metric spaces equipped with a partial ordering was first investigated in  by Ran and Reurings [] , and then by Nieto and Rodriguez-Lopez [] . They applied their results to obtain a unique solution for a first order ordinary differential equation with periodic boundary conditions (see also [] ). The study of this theory in the context of modular function spaces was initiated by Khamsi et The study of common fixed points of mappings satisfying certain contractive conditions in the setup of partially ordered metric spaces can be employed to establish the existence of solutions of many types of operator equations, such as differential and integral equations. There are a few examples given in the following papers: [-] and references mentioned therein. The objective of this paper is to initiate the study of common fixed point results in partially ordered modular function spaces. As an application of our results, we study the property Q for mappings involved herein.
Preliminaries
Some basic facts and notations about modular spaces are recalled from [] . If (m  ) is replaced by ρ(αx + βy) ≤ αρ(x) + βρ(y) if α + β = , and α, β ≥ , then ρ is called convex modular.
The vector space X ρ given by
is called a modular space. Generally, the modular ρ is not subadditive and therefore does not behave as a norm or a distance. Modular space X ρ can be equipped with an F-norm defined by
If ρ is convex modular, then
defines a norm on the modular space X ρ and is called the Luxemburg norm. Define the ρ-ball, centered at x ∈ X ρ with radius r, as
Definition . A function modular is said to satisfy  -type condition, if there exists K >  such that for any x ∈ X ρ , we have ρ(x) ≤ Kρ(x).
Definition . ρ is said to satisfy the  -condition if ρ(x n ) →  whenever ρ(x n ) →  as n → ∞.
Definition . Let X ρ be a modular space. The sequence {x n } ⊂ X ρ is called:
Note that ρ-convergence does not imply ρ-Cauchy since ρ does not satisfy the triangle inequality. In fact, one can show that this will happen if and only if ρ satisfies the  -type condition.
It is well known that [, ] under the  -condition the norm convergence and modular convergence are equivalent. The same is true when we deal with the  -type condition. Throughout this paper, we assume that modular function ρ is convex and satisfies the  -type condition. We also state the following definition and results given in [] .
Definition . The growth function w ρ of a function modular ρ is defined as
Observe that w ρ (t) ≤  for all t ∈ [, ]. http://www.journalofinequalitiesandapplications.com/content/2014/1/78
Lemma . The growth function ω has the following properties:
The following lemma shows that the growth function can be used to give an upper bound for x ρ for each x ∈ X ρ . Lemma . Let ρ be a convex modular function satisfying the  -type condition. Then
,
Let S and T be two self-maps on a modular function space
The pair (S, T) is said to be compatible if ρ(STx n -TSx n ) →  as n → ∞, whenever {x n } is a sequence in X such that {Sx n } and {Tx n } are ρ-convergent to t ∈ X ρ .
A pair (S, T) is said to be ρ-weakly compatible if S and T commute at their coincidence points.
We denote the set of fixed points of S by Fix(S).
Definition . Let (X ρ , ) be a partially modular ordered space. A pair (T  , T  ) of selfmaps of X ρ is said to be ρ-weakly increasing if
Definition . Let (X ρ , ) be a partially modular ordered space and T  , T  be two selfmaps on X ρ . An order pair (T  , T  ) is said to be partially ρ-weakly increasing if
The pair (T  , T  ) is ρ-weakly increasing if and only if the ordered pairs (T  , T  ) and (T  , T  ) are partially ρ-weakly increasing.
Definition . Let (X ρ , ) be a partially modular ordered space. A mapping T  is said to be ρ-weak annihilator of
Definition . Let (X ρ , ) be a partially ordered modular space. A mapping T  is said to
Definition . Let (X ρ , ) be a partially modular ordered space and T  , T  , T  be three self-maps on X ρ , such that T  X ρ ⊆ T  X ρ and T  X ρ ⊆ T  X ρ . We say that T  and T  are ρ-weakly increasing with respect to T  if and only if for all f ∈ X ρ , we have
Definition . Let (X ρ , ) be a partially modular ordered space and T  , T  ,T  be three self-maps on X ρ such that T  X ρ ⊆ T  X ρ . We say that T  and T  are partially ρ-weakly increasing with respect to
Definition . Let X be a vector space. Then (X, , ρ) is called an ordered modular function space iff: (i) ρ is convex modular function on X and (ii) is a partial order on X.
Let (X, ) be a partial ordered set. Then x, y ∈ X are called comparable if x y or y x holds.
Common fixed point results
We begin with a common fixed point theorem for two pairs of partially weakly increasing functions on an ordered modular function spaces. It may regarded as the main result of this article.
Theorem . Let (X, , ρ) be a complete ordered modular function space and S, I, T, and
J self-maps on X ρ such that S(X ρ ) ⊆ J(X ρ ) and I(X ρ ) ⊆ T(X ρ ). Suppose
that (J, S) and (I, T) are ρ-weakly increasing, and the dominating maps S and T are weak annihilators of J and I, respectively. If for every two comparable elements f
is satisfied, then S, I, T, and J have a common fixed point provided that for a non-decreasing sequence {f n } with f n ≤ g n for all n and g n → g implies that f n ≤ g and either and therefore ρ(g n+ -g n+ ) = . So g n+ = g n+ and so on. Thus {g n } becomes a constant sequence and g n is a required common fixed point of given mappings. Assume that ρ(g n+ -g n+ ) =  for each n. From (.), we obtain
Inductively, we have ρ(g n+ -g n+ ) ≤ α n ρ(g n+ -g n+ ), which implies that
.
Using Lemma ., we have
Employing the properties of the growth function, we obtain
which implies that
As ω() = , and α  so  ω - (  α ), and
< . This shows that {g n } is a Cauchy sequence in (X ρ , · ρ ). There exists h ∈ X ρ such that g n -h ρ → . That is, the sequence {g n } is norm convergent to h ∈ X ρ . Since the  -condition implies equivalence of norm and modular convergence, {g n } is modular convergent to h ∈ X ρ . Therefore {g n } Tf n+ = g n+ → h as n → ∞ implies that f n+ ≤ h. So, we have
as n → ∞ gives ρ(Ih-h) ≤ αρ(Ih-h). That is, (-α)ρ(Ih
≤ αρ(Ih -Jf n+ ) = αρ(Ih -g n+ ).
On taking the limit as n → ∞, we obtain
Hence ρ(Sh -h) =  and Sh = h. As S(X ρ ) ⊆ J(X ρ ), there exists a point k ∈ X ρ such that Sh = Jk. Suppose that Tk = Jk. Since S is ρ-dominating, (J, S) is partially ρ-weakly increasing, and S is a ρ-weak annihilator of J, so we have
Thus h is a coincidence point of T and J. As S is a ρ-dominating map, f n ≤ Sf n . Now Sf n → h as n → ∞ implies that f n ≤ h. Now from (.), we have
which, on taking the limit as n → ∞, gives
That is, h is a common fixed point of S, T, I, and J. (b) Similarly the result follows when (b) holds. Now suppose that the set of common fixed points of S, I, T, and J is well ordered. We claim that the common fixed point of S, I, T, and J is unique. Assume to the contrary that these maps have two common fixed points u and v, that is,
From inequality (.), we have
Hence uniqueness is proved. The converse is straightforward. http://www.journalofinequalitiesandapplications.com/content/2014/1/78
Corollary . Let (X, , ρ) be a complete ordered modular function space and S, I, and J self-maps on X such that S(X) ⊆ J(X), and I(X) ⊆ S(X). Suppose that (J, S) and (I, S) are partially ρ-weakly increasing and the dominating map S is a weak annihilator of J and I. If for every two comparable elements f
is satisfied, then S, I, and J have a common fixed point provided that for a non-decreasing sequence {f n } with f n ≤ g n for all n and g n → g implies that f n ≤ g and either 
Corollary . Let (X, , ρ) be a complete ordered modular function space and S, T, and
J self-maps on X such that S(L ρ ) ⊆ J(L ρ ) and J(L ρ ) ⊆ T(L ρ ). Suppose
that (J, S) and (J, T) are partially ρ-weakly increasing, and the dominating maps S and T are weak annihilators of J. If for every two comparable elements f
is satisfied, then S, T, and J have a common fixed point provided that for a non-decreasing sequence {f n } with f n ≤ g n for all n and g n → g implies that f n ≤ g and either 
Corollary . Let (X, , ρ) be a complete ordered modular function space, S and J selfmaps on X such that S(L
ρ ) ⊆ J(L ρ ) and J(L ρ ) ⊆ S(L ρ ). Suppose that (J, S
) is a partially ρ-weakly increasing and the dominating map S is a weak annihilator of J. If for every two
is satisfied, then S and J have a common fixed point provided that for a non-decreasing sequence {f n } with f n ≤ g n for all n and g n → g it is implied that f n ≤ g and either {S, Hence
Following similar arguments to those given in Theorem ., we obtain lim n→∞ ρ(g n -g n+ ) =  and {g n } is a Cauchy sequence. Now we show the existence of the coincidence point for the pairs (S, I) and (T, J). To prove this, we proceed as follows: Since X is complete, there exists h ∈ X ρ such that
By compatibility of (S, I) and (T, J), we have 
which on taking the limit as n → ∞ implies that ρ(Ih -Sh) = , that is, Ih -Sh =  and Ih = Sh. Similarly, 
That is,
Note that ρ-compatibility of (S, J) follows immediately. Also S is ρ-weakly partially increasing with respect to J. Indeed, S(X ρ ) ⊆ J(X ρ ) and Sf Sg for all g ∈ J - (Sf ). Therefore all conditions of Corollary . are satisfied. However, the pair (S, J) has (, , , . . . , , . . .) as a coincidence and a common fixed point.
Periodic point results
If S is a map which has a fixed point f , then f is also a fixed point of S n for every natural number n. However, the converse is false. If a map satisfies F(S) = F(S n ) for each n ∈ N , where F(S) denotes a set of all fixed point of S, then it is said to have property P []. We http://www.journalofinequalitiesandapplications.com/content/2014/1/78
Now the right-hand side of the above inequality approaches zero as n → ∞. Hence ρ(fSf ) = , and f = Sf . Now,
give ρ(f -Tf ) = , and f = Tf . 
Remark

